Symmetric polynomials and non-finitely generated $Sym (\mathbb
  N)$-invariant ideals by da Costa, Eudes Antonio & Krasilnikov, Alexei
ar
X
iv
:1
31
0.
76
08
v1
  [
ma
th.
RA
]  
28
 O
ct 
20
13
SYMMETRIC POLYNOMIALS AND NON-FINITELY
GENERATED Sym(N)-INVARIANT IDEALS
EUDES ANTONIO DA COSTA AND ALEXEI KRASILNIKOV
Abstract. Let K be a field and let N = {1, 2, . . . }. Let Rn = K[xij |
1 ≤ i ≤ n, j ∈ N] be the ring of polynomials in xij (1 ≤ i ≤ n, j ∈ N)
over K. Let Sn = Sym({1, 2, . . . , n}) and Sym(N) be the groups of the
permutations of the sets {1, 2, . . . , n} and N, respectively. Then Sn and
Sym(N) act on Rn in a natural way: τ (xij) = xτ(i)j and σ(xij) = xiσ(j)
for all τ ∈ Sn and σ ∈ Sym(N). Let Rn be the subalgebra of the
symmetric polynomials in Rn,
Rn = {f ∈ Rn | τ (f) = f for each τ ∈ Sn}.
In 1992 the second author proved that if char(K) = 0 or char(K) =
p > n then every Sym(N)-invariant ideal in Rn is finitely generated (as
such). In this note we prove that this is not the case if char(K) = p ≤ n.
We also survey some results about Sym(N)-invariant ideals in poly-
nomial algebras and some related results.
1. Introduction
LetK be a unital associative and commutative ring and let N = {1, 2, . . . }
be the set of all positive integers. Let Rn = K[xij | 1 ≤ i ≤ n, j ∈ N] be the
ring of polynomials in xij (1 ≤ i ≤ n, j ∈ N) over K.
For a non-empty set A, let Sym(A) denote the group of all permutations
of A. The group Sym(N) acts on Rn in a natural way: σ(xij) = xiσ(j) if
σ ∈ Sym(N). An ideal I of Rn is called Sym(N)-invariant if σ(I) = I for
all σ ∈ Sym(N).
It is clear that Rn contains ideals that are not finitely generated. However,
the following theorem holds.
Theorem 1 (see [1, 3, 4, 13]). Let K be a Noetherian unital associative and
commutative ring. Then each Sym(N)-invariant ideal of Rn = K[xij | 1 ≤
i ≤ n, j ∈ N] is finitely generated (as a Sym(N)-invariant ideal).
For n = 1 this theorem was proved by Cohen [3] in 1967 and rediscovered
independently by Aschenbrenner and Hillar [1] in 2007; for an arbitrary pos-
itive n this was proved by Cohen [4] in 1987 and rediscovered independently
by Hillar and Sullivant [13] in 2012. Cohen’s results were motivated by the
finite basis problem for identities of metabelian groups and the results of As-
chenbrenner, Hillar and Sullivant by applications to chemistry and algebraic
statistics.
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Let
di1i2...in = det

 x1i1 x1i2 . . . x1in. . . . . . . . . . . .
xni1 xni2 . . . xnin


be the determinant of the matrix above. It is clear that di1i2...in is a poly-
nomial contained in Rn. Let Ln be the subalgebra in Rn generated by all
polynomials di1i2...in (iℓ ∈ N). The group Sym(N) acts on Ln in a natural
way: σ(di1i2...in) = dσ(i1)σ(i2)...σ(in) (σ ∈ Sym(N)). Sym(N)-invariant ideals
of Ln are also defined in a natural way.
The following theorem was proved by Draisma [6] in 2010; it solves a
problem arising from applications to algebraic statistics and chemistry posed
in [1].
Theorem 2 (see [6]). Let K be a field of characteristic 0. Then every
Sym(N)-invariant ideal in Ln is finitely generated (as such).
However, Theorem 2 is not valid over a field K of characteristic 2: the
algebra L2 over suchK contains Sym(N)-invariant ideals that are not finitely
generated. More precisely, the following theorem holds.
Theorem 3 (see [9]). Suppose that K is a field of characteristic 2. Let I
be the Sym(N)-invariant ideal in L2 generated by the set
{d12d23 . . . d(k−1)kd1k | k = 3, 4, . . . }.
Then I is not finitely generated (as a Sym(N)-invariant ideal in L2).
The proof of Theorem 3 is based on the ideas of Vaughan-Lee [17] de-
veloped in order to construct an example of a non-finitely based variety of
abelian-by-nilpotent Lie algebras.
Theorems 2 and 3 raise the following problem:
Problem. For which n and p the algebra Ln over a field K of characteristic
p > 0 is Sym(N)-Noetherian (that is, each Sym(N)-invariant ideal in Ln is
finitely generated)?
In order to find an approach to this problem one can consider a simpler
(but similar in a certain sense) question about Sym(N)-Noetherianity of the
subalgebra Rn of symmetric polynomials (defined below).
Let Sn = Sym({1, 2, . . . , n}). The group Sn acts on Rn in a natural way:
τ(xij) = xτ(i)j . In other words, Sn acts on the infinite matrix
(1)

 x11 x12 . . . x1i . . .. . . . . . . . . . . . . . .
xn1 xn2 . . . xni . . .


permuting its lines.
We call a polynomial f ∈ Rn symmetric if τ(f) = f for all τ ∈ Sn. Let
Rn be the set of all symmetric polynomials of Rn; it is clear that Rn is a
Sym(N)-invariant K-subalgebra in Rn. Sym(N)-invariant ideals of Rn are
defined in a natural way.
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The following theorem was proved by the second author of the present
note [14, Lemma 7] in 1992 in order to prove the finite basis property for
certain varieties of nilpotent-by-abelian Lie algebras.
Theorem 4 (see [14]). Let K be a field of characteristic 0 or of character-
istic p > n. Then every Sym(N)-invariant ideal in Rn is finitely generated
(as such).
The proof of Theorem 4 is very simple. Let π : Rn → Rn be the sym-
metrization map:
π(f) = π
(
f(x11, x12, . . . ; . . . ;xn1, xn2, . . . )
)
=
1
n!
∑
τ∈Sn
f(xτ(1)1, xτ(1)2, . . . ; . . . ;xτ(n)1, xτ(n)2, . . . )
for all f ∈ Rn. Note that π is K-linear, commutes with each permutation
σ ∈ Sym(N) and if a ∈ Rn, f ∈ Rn then π(a) = a and π(af) = a π(f).
Let I be a Sym(N)-invariant ideal in Rn. Then I · Rn is a Sym(N)-
invariant ideal in Rn that, by Theorem 1, is generated (as a Sym(N)-
invariant ideal in Rn) by a finite set, say, by b1, . . . , bk. We may assume
that bi ∈ I ⊆ Rn for all i.
We claim that b1, . . . , bk generate I as a Sym(N)-invariant ideal in Rn.
Indeed, take an arbitrary element g ∈ I. Since b1, . . . , bk generate I · Rn
as a Sym(N)-invariant ideal in Rn, we have g =
∑
i σi(bℓi)fi for some σi ∈
Sym(N) and fi ∈ Rn. It follows that
g = π(g) = π
(∑
i
σi(bℓi)fi
)
=
∑
i
π
(
σi(bℓi)fi
)
=
∑
i
σi(bℓi)π(fi),
that is, g belongs to the Sym(N)-invariant ideal of Rn generated by b1, . . . , bk,
as claimed.
The proof of Theorem 2 is much more sophisticated than that of Theo-
rem 4 but follows the same plan, with the group Sn acting on the matrix
(1) by line permutations replaced by the group SLn(K) acting on (1) by
multiplications from the left and with the symmetrization map replaced by
the Reynolds operator.
The aim of the present note is to prove the following theorem.
Theorem 5. Let K be a field of characteristic p such that 0 < p ≤ n.
Then the algebra Rn contains Sym(N)-invariant ideals that are not finitely
generated.
Thus, the algebra Rn is Sym(N)-Noetherian if charK = 0 or charK > n
and is not Sym(N)-Noetherian if 0 < charK ≤ n. Possibly (although it still
remains unknown), this is also the case for the algebra Ln if charK > 2.
Theorem 5 is a corollary of the following result. For each k ∈ N, let hk
be the polynomial in Rn defined as follows:
hk = x11x12 . . . x1k + x21x22 . . . x2k + · · ·+ xn1xn2 . . . xnk.
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For example, h1 = x11+x21+ · · ·+xn1, h2 = x11x12+x21x22+ · · ·+xn1xn2.
It is clear that hk ∈ Rn for all k.
Let U be the Sym(N)-invariant ideal of Rn generated by the set
{hk ∈ Rn | k = 1, 2, . . .}.
Our main result is as follows.
Theorem 6. Let K be a field of characteristic p > 0. Suppose that n ≥ p.
Then the ideal U is not finitely generated as a Sym(N)-invariant ideal in
Rn.
We will prove Theorem 6 by proving the following slightly stronger result:
Theorem 7. Let K be a field of characteristic p > 0. Suppose that n ≥ p.
Then, for each k ∈ N, the polynomial hk is not contained in the Sym(N)-
invariant ideal of Rn generated by the set {hl | l ∈ N, l 6= k}.
Remarks. 1. For other recent results about Sym(N)-Noetherian polyno-
mial algebras see, for instance, articles [2, 8, 10, 11, 12] and a survey [7].
2. The main result of [14] about polynomial rings is, in fact, stronger
then Theorem 4. It has been proved there that if charK = 0 or charK > n
then each Sym(N)-invariant Rn-submodule in Rn is finitely generated (as a
Sym(N)-invariant Rn-submodule).
3. Some results about Noetherian properties of polynomial rings in infin-
itely many variables have been proved in [15, 16] in order to solve the finite
basis problem for certain varieties of groups and group representations.
Let Ψ be the set of endomorphisms ψkℓ (k 6= ℓ) of Rn = K[xij | 1 ≤ i ≤
n, j ∈ N] such that
ψkℓ(xij) =
{
xikxiℓ if j = ℓ;
xij otherwise.
We say that a subset S of Rn is Ψ-closed if ψkℓ(S) ⊆ S for all ψkℓ ∈ Ψ. It
has been proved in [15] that, over a Noetherian associative and commuta-
tive unital ring K, each Sym(N)-invariant Ψ-closed Rn-submodule in Rn is
finitely generated (as such). Moreover, over such K each Sym(N)-invariant
Ψ-closed R˜n-submodule in Rn is finitely generated [16]. Here R˜n is a K-
subalgebra of Rn generated by all products of the form
f(x11, x12, . . . )f(x21, x22, . . . ) . . . f(xn1, xn2, . . . )
where f(t1, t2, . . . ) ∈ K[ti | i ∈ N].
Note that the result about Rn-modules has been proved using techniques
similar to one used by Cohen [3] while the proof of the result about R˜n-
modules is based on different ideas.
4. Let M be the free metabelian group on a free generating set {xi |
i ∈ N}. Then the group Sym(N) acts on M permuting the free generators
xi. Cohen [3] has proved that in M all Sym(N)-invariant normal subgroups
are finitely generated (as such). For an application of this result see, for
example, [5].
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Note that Sym(N)-invariant normal subgroups are finitely generated (as
Sym(N)-invariant normal subgroups) not just in the variety of metabelian
groups but also in some larger varieties (Vaughan-Lee [18]). However, it can
be easily shown that in the variety of centre-by-metabelian groups (and,
therefore, in all larger varieties) this property does not hold.
2. Proof of Theorem 7
We claim that to prove Theorem 7 one may assume without loss of gen-
erality that n = p. Indeed, suppose that n > p. Let ψ : Rn → Rp be the
homomorphism of Rn onto Rp such that
ψ(xij) =
{
xij if 1 ≤ i ≤ p;
0 if p < i ≤ n.
It is clear that ψ(Rn) = Rp and ψσ = σψ for all σ ∈ Sym(N). Hence, to
prove that the polynomial
hk = x11x12 . . . x1k + x21x22 . . . x2k + · · ·+ xn1xn2 . . . xnk
is not contained in the Sym(N)-invariant ideal of Rn generated by the set
{hℓ | l ∈ N, ℓ 6= k} it suffices to prove that the polynomial
ψ(hk) = x11x12 . . . x1k + x21x22 . . . x2k + · · ·+ xp1xp2 . . . xpk
is not contained in the Sym(N)-invariant ideal of ψ(Rn) = Rp generated by
the set {ψ(hℓ) | l ∈ N, ℓ 6= k} where
ψ(hℓ) = x11x12 . . . x1ℓ + x21x22 . . . x2ℓ + · · · + xp1xp2 . . . xpℓ.
The claim follows.
Further, let Fp = Z/pZ be the prime subfield of K, Fp < K. We claim
that to prove Theorem 7 one can assume without loss of generality that
K = Fp. Indeed, let Rp,Fp = Fp[xij | 1 ≤ i ≤ p; j ∈ N] and let Rp,Fp be the
subalgebra of symmetric polynomials of Rp,Fp. Then Rp,Fp < Rp = K[xij |
1 ≤ i ≤ p; j ∈ N], Rp,Fp < Rp and hk ∈ Rp,Fp for all k.
Suppose that hk is contained in the Sym(N)-invariant ideal of Rp gener-
ated by the set {hℓ | l ∈ N, ℓ 6= k}. Then
hk =
∑
s
σs(hℓs)fs
where σs ∈ Sym(N), fs ∈ Rp, ℓs < k for all s. Let B be a basis ofK viewed as
a vector space over Fp such that 1 ∈ B. Then, for each s, fs = fs,0+
∑
t btfs,t
where fs,0 ∈ Rp,Fp and, for all t, bt ∈ B \ {1}, fs,t ∈ Rp,Fp. It follows that
hk =
∑
s
σs(hℓs)fs,0 +
∑
s
∑
t
bt σs(hℓs)fs,t.
Since hk, σs(hℓs)fs,0, σs(hℓs)fs,t ∈ Rp,Fp, we have
(2) hk =
∑
s
σs(hℓs)fs,0.
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Note that fs,0 ∈ Rp,Fp for all s. Indeed, for each τ ∈ Sn,
fs,0 +
∑
t
btfs,t = fs = τ(fs) = τ(fs,0) +
∑
t
btτ(fs,t)
so τ(fs,0) = fs,0. Thus, if hk is contained in the Sym(N)-invariant ideal of
Rp generated by the set {hℓ | l ∈ N, ℓ 6= k} then, by (2), hk belongs to the
Sym(N)-invariant ideal of Rp,Fp generated by {hℓ | l ∈ N, ℓ 6= k}. Hence,
one may assume that K = Fp, as claimed.
From now on, we assume K = Fp and write Rp and Rp for Rp,Fp and
Rp,Fp, respectively.
Let R = Z[xij | 1 ≤ i ≤ p, j ∈ N]. Let µ : R → Rp be the homomorphism
of R onto Rp such that µ(xij) = xij for all i, j. Suppose, in order to get
a contradiction, that hk is contained in the Sym(N)-invariant ideal of Rp
generated by the set {hℓ | l ∈ N, ℓ 6= k}. Then in Rp we have
hk =
∑
s
σs(hℓs)fs
where σs ∈ Sym(N), fs ∈ Rp, ℓs < k for all s. Hence, in R we have
(3) hk =
∑
s
σs(hℓs)gs + p g
where gs, g ∈ R, µ(gs) = fs for all s. It is clear that we may assume that
gs ∈ R for all s. It follows that g =
1
p
(hk −
∑
s σs(hℓs)gs) ∈ R.
Let
m = xu1111 x
u21
21 . . . x
up1
p1 x
u12
12 x
u22
22 . . . x
up2
p2 . . . x
u1k
1k x
u2k
2k . . . x
upk
pk ∈ R
be a monomial. Define a multi-degree d(m) of the monomial m as follows:
d(m) = (u1, u2, . . . , uk, 0, 0, . . . ),
where uk = u1k + u2k + · · · + upk for all k ∈ N. Note that d(m · m
′) =
d(m) + d(m′) for all monomials m,m′ in R. Note also that we may assume
that the polynomials hk, σs(hℓs)gs and g in (3) are of the same multi-degree
(1, 1, . . . , 1, 0, 0, . . . ).
Let S = Z[tj | j ∈ N]. Define a homomorphism η : R → S of R
onto S by η(xij) = tj . It is clear that η(hk) = p t1t2 . . . tk, η
(
σs(hℓs)
)
=
p tσs(1)tσs(2) . . . tσs(ℓs).
Note that if m ∈ R is a monomial of multi-degree (ε1, ε2, . . . , εk, 0, 0, . . . )
where εj = 0, 1 then the number of elements of the Sp-orbit ofm is a multiple
of p. Hence, η(m) = p (qm′) for some monomial m′ ∈ S and some integer
q ∈ Z. It follows that, for all s, η(gs) = p us and η(g) = p u for some
us, u ∈ S.
Applying η to the both sides of the equality (3), we get
p t1t2 . . . tk = p
2
∑
s
tσs(1)tσs(2) . . . tσs(ℓs)us + p
2 u
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for some us, u ∈ S. This is a contradiction because the right hand side of the
equality above is a (non-zero) multiple of p2 in S = Z[tj | j ∈ N] and the left
hand side is not. It follows that hk is not contained in the Sym(N)-invariant
ideal of Rp generated by the set {hℓ | l ∈ N, ℓ 6= k}, as required.
The proof of Theorem 7 is completed.
Acknowledgements. The first author was supported by CNPq grant
554712/2009–1. The second author was partially supported by CNPq grant
307328/2012–0, by DPP/UnB and by RFBR grant 11–01–00945.
References
[1] M. Aschenbrenner and C.J. Hillar, Finite generation of symmetric ideals, Trans.
Amer. Math. Soc., 359 (2007), 5171–5192. arXiv:math/0411514
[2] A.E. Brouwer and J. Draisma, Equivariant Gro¨bner bases and the Gaussian two-factor
model, Math. Comp. 80 (2011), 1123–1133. arXiv:0908.1530
[3] D.E. Cohen, On the laws of a metabelian variety, J. Algebra 5(1967), 267–273.
[4] D.E. Cohen, Closure relations, Buchberger’s algorithm, and polynomials in infin-
itely many variables, Computation theory and logic, Lecture Notes in Comput. Sci.,
270(1987), 78–87.
[5] G.S. Deryabina and A.N.Krasilnikov, On solvable groups of exponent 4, Siberian
Math. J. 44 (2003), 58–60.
[6] J. Draisma, Finiteness for the k-factor model and chirality varietes, Adv. Math. 223
(2010), 243–256. arXiv:0811.3503
[7] J. Draisma, Noetherianity up to symmetry, arXiv:1310.1705.
[8] J. Draisma, R.H. Eggermont, R. Krone and A. Leykin, Noetherianity for infinite-
dimensional toric varieties, arXiv:1306.0828.
[9] J. Draisma and A. Krasilnikov, Sym(N)-invariant ideals in a certain subalgebra of a
polynomial algebra, in preparation.
[10] J. Draisma and J. Kuttler, On the ideals of equivariant tree models, Math. Ann. 344
(2009), 619–644. arXiv:0712.3230
[11] J. Draisma and J. Kuttler, Bounded-rank tensors are defined in bounded degree, to
appear in Duke Math. J. arXiv:1103.5336
[12] C.J. Hillar and A. Mart´ın del Campo, Finiteness theorems and algorithms for per-
mutation invariant chains of Laurent lattice ideals, J. Symbolic Comput. 50 (2013),
314–334. arXiv:1110.0785
[13] C.J. Hillar and S. Sullivant, Finite Gro¨bner bases in infinite dimensional polynomial
rings and aplications, Adv. Math. 229 (2012), 1–25. arXiv:0908.1777
[14] A.N. Krasilnikov, Identities of Lie algebras with nilpotent commutator ideal over a
field of fnite characteristic, Mat. Zametki 51 (1992), 47–52 (Russian). English trans-
lation: Math. Notes 51 (1992), 255–258.
[15] A.N. Krasilnikov, Identities of triangulable matrix representations of groups, Trudy
Moskov. Mat. Obshch. 52 (1989), 229–245 (Russian). English translation: Trans.
Moscow Math. Soc. 1990, 233–249 (1991).
[16] A.N. Krasilnikov, The identities of a group with nilpotent commutator subgroup are
finitely based, Izv. Akad. Nauk SSSR, Ser. Mat. 54 (1990), 1181–1195 (Russian).
English translation: Math. USSR–Izv. 37 (1991), 539–553.
[17] M.R. Vaughan-Lee, Abelian-by-nilpotent varieties of Lie algebras, J. London Math.
Soc. (2) 11 (1975), 263–265.
[18] M.R. Vaughan-Lee, Abelian by nilpotent varieties, Quart. J. Math. Oxford Ser. (2)
21 (1970), 193–202.
8 EUDES ANTONIO DA COSTA AND ALEXEI KRASILNIKOV
Eudes Antonio da Costa: Departamento de Matema´tica, Universidade de
Bras´ılia, 70910-900 Bras´ılia, DF, Brasil
E-mail address: eudes@uft.edu.br
Alexei Krasilnikov: Departamento de Matema´tica, Universidade de Bras´ılia,
70910-900 Bras´ılia, DF, Brasil
E-mail address: alexei@unb.br
